Inequalities between volume mean-values and spherical mean-values of functions are closely related to subharmonicity or log. subharmonicity. We shall obtain some results concerning these relations.
Introduction and Preliminaries
We are concerned with conditions for subharmonicity and log. subharmonicity of functions. A nonnegative continuous function u defined on a domain D in R n (n = 2) will be called log. subharmonic, if log u is subharmonic. We denote the open ball and the sphere of centre x and radius r in R n by Bðx; rÞ and @Bðx; rÞ, respectively. The closed ball will be denoted by " B Bðx; rÞ. We write B in place of Bð0; 1Þ. Two means of a continuous function f are defined as follows: [3] proved that jf ðzÞj satisfies Cð2Þ, if f ðzÞ is a holomorphic function on a domain in the complex plane. Beckenbach and Radó [2] proved that in the case n ¼ 2 the condition Cð2Þ is necessary and sufficient for log. subharmonicity. In the case n = 3, Mochizuki [5] proved that the condition Cð2Þ is sufficient for log. subharmonicity but not necessary and Armitage and Goldstein [1] proved that the condition Cððn þ 2Þ=nÞ is sufficient for log. subharmonicity but not necessary. Ekonen [4] develops related arguments.
Our calculations are based upon Pizzetti's formula for C 2 -functions, but we shall need slightly more observations than usual. Let f be a C 2 -function on D. 
Conditions for Log. Subharmonicity
Since Aðu p ; x; rÞ 1=p is an increasing function of p, the condition CðqÞ is stronger than CðpÞ if p < q. Hence, by Armitage-Goldstein's result [1] , CðpÞ is a sufficient condition for log. subharmonicity when ðn þ 2Þ=n 5 p < þ 1; n = 2. On the other hand, by Ekonen's result [4] , CðpÞ is not a sufficient condition when 0 < p 5 n=ðn À 1Þ; n = 3.
The following shows that ðn þ 2Þ=n is the least number that guarantees the sufficiency, so the gap between n=ðn À 1Þ and ðn þ 2Þ=n is eliminated when n = 3. Theorem 1. In R n ðn = 2Þ, the condition Cððn þ 2Þ=nÞ is the weakest of CðpÞ that are sufficient conditions for log. subharmonicity.
Proof. Let n = 2. We suppose without loss of generality that 1 < p < ðn þ 2Þ=n and define a function u by
where
We shall show that u satisfies the condition CðpÞ on a domain D p that will be defined later. Since u is not log. subharmonic, the assertion will be verified.
Using (2) and
we have, for any Bðx; rÞ,
Similarly, we have by (1),
Mðu; x; rÞ p ¼ uðxÞ
Functions u and u p are C 2 -functions on R n , so, by Lemma, " x ðrÞ ! 0 and x ðrÞ ! 0 as r ! 0 þ uniformly on the polydisk D :¼ ðÀ1; 1Þ n . Moreover, 1=u is bounded on D and, as is seen from (3),
and uðxÞ
Àp j x ðrÞj þ uðxÞ À1 j" x ðrÞj < nðn þ 2Þ ð0 < r < Þ: ð5Þ
Now let
D p ¼ ðÀ; Þ Â ðÀ1; 1Þ nÀ1 : Take an arbitrary " B Bðx; rÞ & D p . Clearly, r < . Since p > 1, we have by (4), Mðu; x; rÞ p > uðxÞ p 1 þ p 4 2 x 2 1 þ n À 1 À 2 2n þ uðxÞ À1 " x ðrÞ r 2 !
:
Substracting and using (3) and (5) 
is log. subharmonic. By straightforward calculations using (1) and (2) The right-hand side is positive for all sufficiently small r > 0, so u does not satisfy CðpÞ. The proof is completed. Ã Corollary. In the case n ¼ 2, Cð2Þ is the only necessary and sufficient condition in CðpÞ. In the case n = 3, no CðpÞ is a necessary and sufficient condition.
Proof. Let n ¼ 2. By Theorem 1, CðpÞ is not a sufficient condition when 0 < p < 2. By Theorem 2, CðpÞ is not a necessary condition when 2 < p < þ1. Let n = 3. Then, by Theorem 1, CðpÞ is not a sufficient condition when 0 < p < ðn þ 2Þ=n. By Armitage-Goldstein's example [1] , CðpÞ is not a necessary condition when ðn þ 2Þ=n 5 p < þ1. Ã
Conditions for Subharmonicity
It is well-known that for a continuous function to be subharmonic, the condition Cð1Þ is necessary and sufficient. Naturally, we can deal with conditions for subharmonicity parallel to the case of log. subharmonicity.
Armitage and Goldstein infer in [1] that CðpÞ cannot be a necessary condition for subharmonicity if 1 < p < þ1 and show that this is true when n=ðn À 1Þ 5 p < þ1. The latter half of the following fills the gap between 1 and n=ðn À 1Þ.
Theorem 3. In R n ðn = 2Þ, the condition Cð1Þ is the weakest of CðpÞ that are sufficient for subharmonicity and the strongest of CðpÞ that are necessary.
Proof. First, let 0 < p < 1. We define u by
where n = 2. Clearly, u is not subharmonic. We shall show that u satisfies CðpÞ on a domain D p & ð0; 1Þ n . Using
On the other hand, by direct calculations we have
Since uðxÞ ! 0 as x ! 0, we can take t, with 0 < t < 1, for which
Taking s, 0 < s < t, we put D ¼ ðs; tÞ n . Then, by Lemma applied to u p , we see that
Functions u and 1=u are bounded on D. Hence we can take , 0 < < t À s, so that the following hold for all x 2 D:
and
Now we define D p by
Take " B Bðx; rÞ & D p . For this ball, (6), (7) and (8) hold. By (7), we see that, with 0 < < 1,
Finally, using (6) and (8) we obtain Aðu p ; x; rÞ À Mðu; x; rÞ p < ðn À 1Þpðp À 1ÞuðxÞ pÀ2 r 2 8ðn þ 2Þ < 0:
Next, to prove the second assertion, let p > 1. We shall show that the subharmonic function u defined by
does not satisfy CðpÞ.
Since uðxÞ ! 0 as x ! 0, we can choose a point a ¼ ða 1 ; . . . ; a n Þ 2 ð0; þ1Þ n for which we have
Take " B Bða; rÞ & ð0; þ1Þ n . We have by (1) and (2) The proof is completed. Ã
Remarks
(i) For R n (n = 2), we can define two kinds of subsets of the positive real line ð0; þ1Þ:
N n ¼ È p > 0 j The condition CðpÞ is necessary for log. subharmonicity. É and S n ¼ È p > 0 j The condition CðpÞ is sufficient for log. subharmonicity. É :
From Theorems 1 and 2 we see that N 2 ¼ ð0; 2; S 2 ¼ ½2; þ1Þ and S n ¼ n þ 2 n ; þ1
; n = 3:
Log. subharmonic functions are subharmonic, so ð0; 1 & N n . We have thus ð0; 1 & N n & 0; n þ 2 n ; n = 3:
It might be a problem to determine the set N n .
(ii) For subharmonicity conditions, analogous subsets, N 0 n and S 0 n , are defined. Theorem 3 shows that N 0 n ¼ ð0; 1 and S 0 n ¼ ½1; þ1Þ; n = 2: Clerary, Cð1Þ is the only necessary and sufficient condition for subharmonicity in CðpÞ.
